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ABSTRACT
Matched filters (MFs) are elegant and widely used tools to detect and measure sig-
nals that resemble a known template in noisy data. However, they can perform poorly
in the presence of contaminating sources of similar or smaller spatial scale than the
desired signal, especially if signal and contaminants are spatially correlated. We in-
troduce new multicomponent MF and matched multifilter (MMF) techniques that
allow for optimal reduction of the contamination introduced by sources that can be
approximated by templates. The application of these new filters is demonstrated by
applying them to microwave and X-ray mock data of galaxy clusters with the aim
of reducing contamination by point-like sources, which are well approximated by the
instrument beam. Using microwave mock data, we show that our method allows for
unbiased photometry of clusters with a central point source but requires sufficient
spatial resolution to reach a competitive noise level after filtering. A comparison of
various MF and MMF techniques is given by applying them to Planck multifrequency
data of the Perseus galaxy cluster, whose brightest cluster galaxy hosts a powerful
radio source known as Perseus A. We also give a brief outline how the constrained MF
(CMF) introduced in this work can be used to reduce the number of point sources
misidentified as clusters in X-ray surveys like the upcoming eROSITA all-sky survey.
A PYTHON implementation of the filters is provided by the authors of this manuscript
at https://github.com/j-erler/pymf.
Key words: methods: data analysis; techniques: image processing; galaxies: clusters:
general
1 INTRODUCTION
Matched filtering (MF) is a technique for the extraction of
the flux of sources with a well-known spatial template at
optimal signal-to-noise ratio (SNR). MF was first proposed
for the study of the kinetic Sunyaev–Zeldovich (kSZ) signal
from clusters of galaxies by Haehnelt & Tegmark (1996) and
subsequently developed and generalized by Herranz et al.
(2002) and Melin, Bartlett & Delabrouille (2006) for the
extraction of the thermal Sunyaev–Zeldovich (tSZ) signal
from multifrequency data sets like those delivered by the
Planck mission, giving rise to what is now known as the
matched multifilter (MMF). These filters have since been
adopted with great success by the SPT, ACT and Planck
Collaborations to extract the tSZ signal of clusters from their
? E-mail: jens@astro.uni-bonn.de
† Member of the International Max Planck Research School (IM-
PRS) for Astronomy and Astrophysics at the Universities of Bonn
and Cologne.
respective multifrequency data sets (Hasselfield 2013; Bleem
et al. 2015; Planck Collaboration 2016a).
While MFs perform admirably in separating diffuse
Galactic foregrounds and primary cosmic microwave back-
ground (CMB) anisotropies from the SZ signal of clus-
ters, contamination by point sources remains an issue (e.g.
Bartlett & Melin 2006; Melin, Bartlett & Delabrouille 2006)
and can lead to significant biases in the measured cluster pa-
rameters (Knox, Holder & Church 2004; Aghanim, Hansen
& Lagache 2005; Lin & Mohr 2007; Sehgal et al. 2010). This
problem is mitigated to a degree by MMFs due to the prior
knowledge of the tSZ spectrum that is used to construct
these multifilters, but accurate photometry of clusters that
contain a central radio source remains challenging. Point
source confusion is also a central concern for the detection
of clusters in X-ray observations (e.g. Biffi, Dolag & Mer-
loni 2018; Koulouridis et al. 2018). Tarr´ıo et al. (2016) and
Tarrio18 recently demonstrated that point source confusion
can be reduced by a joint SZ and X-ray MMF analysis, us-
ing their very different spectral characteristics at microwave
frequencies compared to the X-ray regime.
© 2019 The Authors
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2 Erler, Ramos–Ceja, Basu & Bertoldi
In this work, we present a multicomponent extension of
the MF concept that can improve the separation of contam-
inants that can be approximated by well-known templates
(e.g. point sources) based purely on their spatial characteris-
tics. This approach is mathematically identical to the gener-
alized multicomponent internal linear combination (ILC) al-
gorithms introduced by Remazeilles, Delabrouille & Cardoso
(2011a,b) and Hurier, Mac´ıas-Pe´rez & Hildebrandt (2013),
which can be thought of as MFs in frequency space, and al-
lows for an unbiased photometry of clusters with a central
point source. Generalizing our method to multifrequency
data gives rise to a new matched multifiltering technique
that combines spatial and spectral constraints to provide an
optimal separation. A similar but less general approach was
presented by Herranz et al. (2005), who showed that the tSZ
and kSZ signals of clusters can be separated with MMFs that
use the different spectra of the two effects but take the same
spatial template for the two components, which restricts the
method from being applied to other contaminating sources.
In this work, we derive our new filters and demonstrate their
application using mock microwave and X-ray data of clus-
ters, as well as Planck data of the Perseus galaxy cluster.
This article is structured as follows: Section 2 intro-
duces MFs and MMFs for galaxy clusters and our proposed
constrained filters in detail. Section 3 describes our simu-
lation pipeline for the creation of mock data that are used
to test the performance of the constrained MFs. The results
obtained on both simulations and on data from the Planck
mission are presented in Section 4. In Section 5, we provide
a discussion of our new technique and give an outlook to
its application in future experiments. Section 6 provides a
summary and concludes our analysis.
Throughout this paper we assume a flat Lambda cold
dark matter cosmology with ΩΛ = 0.7, Ωb = 0.05, h = 0.7,
and TCMB = 2.7255 K. E(z) ≡ H(z)/H0 = (Ωm(1 + z)3 + ΩΛ)1/2
denotes the redshift-dependent Hubble ratio and ρcrit(z) =
3H(z)2/(8piG) the critical density of the Universe at redshift
z. Unless noted otherwise, the quoted parameter uncertain-
ties refer to the 68 per cent credible interval. All-sky maps
were processed with HEALPIX (v3.31; Go´rski et al. 2005).
2 MATCHED FILTERING
Setting up an MF requires only very limited knowledge
about the astrophysical content of a data set. We assume
that an observed map Iν at frequency ν represents a linear
combination of the desired signal, e.g. the SZ signal from
galaxy clusters with the spectrum f (ν), plus a noise map
Nν that contains both instrumental noise and astrophysical
emission:
Iν = f (ν) · Ay +Nν . (1)
The signal must be well approximated by a known spatial
template y like the projected pressure profile of clusters.
We now would like to construct a filter Ψ that returns the
signal (i.e. the amplitude A of the source template if y is
normalized to unity) at maximum significance. Using the
flat sky approximation and changing to Fourier space, an
MF Ψ can be constructed by minimizing the variance of the
filtered map (e.g. Scha¨fer et al. 2006)
σ2 = ΨTCΨ, (2)
where C is the azimuthally averaged noise power spec-
trum of the unfiltered map expressed as a diagonal matrix
C = diag(|N(k)|2). Here k denotes the two-dimensional spa-
tial frequency that corresponds to the two-dimensional sky
position x in Fourier space. At the same time, we demand
the filtered field to be an unbiased estimator of the decon-
volved amplitude of the signal template at the position of
sources. This condition can be written as
ΨT τ = 1, (3)
where τ is the Fourier transform of the source template y
convolved with the instrument beam. A solution to this op-
timization problem is found by introducing a Lagrange mul-
tiplier λ, which leads to a system of linear equations(
2 · C −τ
τT 0
) (
Ψ
λ
)
=
(
0
1
)
, (4)
the solution to which is:
Ψ =
[
τTC−1τ
]−1
τC−1. (5)
The MF derived here is optimal in the least square sense
and was first proposed for the study of galaxy clusters by
Haehnelt & Tegmark (1996). Although it is most commonly
applied to data sets with Gaussian noise, Gaussianity is not a
strict requirement. Non-Gaussian noise will not cause a bias
but the solution might no longer be optimal (Melin, Bartlett
& Delabrouille 2006). However, optimal MFs were recently
derived for the low-number count Poisson noise regime that
is relevant for X-ray and γ-ray observations (Ofek & Zackay
2018; Vio & Andreani 2018).
2.1 Constrained matched filters (CMF)
We now show that the MF concept can be generalized to
multiple sources with known spatial templates. For this we
assume that the observed sky is a linear combination of n
sources with known templates yi plus noise:
Iν = f1(ν) · A1 y1 + · · · + fn(ν) · An yn +N. (6)
Our goal is to construct a filter that minimizes the variance
of the filtered map as defined in equation (2) and at the same
time has an unbiased response to the chosen source template.
We now place additional constraints by e.g. demanding the
filter to have zero response to contaminating sources with
well-known spatial templates:
ΨT τ1 = 1
ΨT τ2 = 0
...
ΨT τn = 0.
(7)
In the following it is convenient to construct a matrix T of
dimensions nk × n from the n spatial templates τi :
T =
©­­«
τ1[1] τ2[1] . . . τn[1]
...
...
. . .
...
τ1[nk ] τ2[nk ] . . . τn[nk ]
ª®®¬ . (8)
We can derive the form of the new filter by solving a system
of linear equations analogous to equation (4)(
2 · C −T
TT 0
) (
Ψ
λ
)
=
(
0
e
)
, (9)
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where e = (1, 0, . . . )T is a vector that contains the response
of the filter to the n constraints defined in equation (7) and
λ are the n Lagrange multipliers. The solution for the CMF
is
Ψ = eT
[
TTC−1T
]−1
TC−1, (10)
which is similar to the one of the traditional MF in equa-
tion (5). A possible application of this new filter is the reduc-
tion of point source contamination in observations of galaxy
clusters, which will be explored in Section 4. However any
other contaminating source with a well-known template or
even multiple sources could be set to zero using this ap-
proach. This benefit will come at the cost of a reduced SNR,
which will be discussed in Section 4. A comparison of the two
filters using simulated microwave data of galaxy clusters and
point sources is shown in Fig. 1.
A mathematically identical multicomponent generaliza-
tion to the CMF has been derived and successfully applied
for ILC algorithms (Remazeilles, Delabrouille & Cardoso
2011a,b; Hurier, Mac´ıas-Pe´rez & Hildebrandt 2013), which
are commonly used to extract Comptonization maps from
Planck data using the spectrum of the tSZ signal while zero-
ing out the primary CMB anisotropies by constraining their
well understood blackbody spectrum.
2.2 Constrained matched multifilters (CMMF)
Both the MF and CMF presented previously were built to
be applied to a single-frequency map. However, the MF con-
cept can be generalized to multifrequency data sets like the
ones delivered by Planck. These generalized techniques are
known as matched multifilters (MMF; Herranz et al. 2002;
Melin, Bartlett & Delabrouille 2006; Lanz et al. 2010; Melin
et al. 2012; Tarr´ıo et al. 2016; Tarr´ıo, Melin & Arnaud 2018)
and are designed to use prior spatial and spectral informa-
tion about a source to return an optimally filtered map of A
in the least-square sense. We will show here that the MMF
concept can be generalized to separate multiple components
with known spatial and spectral templates in an analogous
way to the single-frequency filter. We start again by con-
structing a simple model of the observed sky. As before, we
can represent observations of the sky as a linear mixture of
astrophysical emission and noise:
I (x) = fν · A y(x) + N (x). (11)
Different from equation (1) we now describe the observed
maps as vectors in frequency space with nν components at
each sky position x in order to simplify the notation. Using
this formalism and changing to Fourier space, the multifre-
quency source template will be given at each k as a vector
F in frequency space
F(k) = fν y(k) Bν(k), (12)
where Bν(k) denotes the Fourier transform of the beam,
which in general will be frequency dependent. We now aim
to find a filter Ψ(k) that, as before, has unit response to the
multifrequency source template:∫
d2k ΨT (k)F(k) = 1. (13)
We therefore construct a series of nν filters Ψ(k) that are the
components of Ψ(k). The final result will be a single map
that is the linear combination of the observed maps, each
convolved with their respective frequency-dependent filter.
The MMF is derived analogously to the single-frequency case
by demanding minimum variance of the filtered map at each
spatial scale
σ2 = ΨT(k)P(k)Ψ(k), (14)
where P is the noise power spectrum, a matrix in frequency
space with nν × nν components for each k that are defined
as Pi j (k)δ(k − k ′) = 〈Nνi (k)N∗νj (k)〉. The asterisk denotes the
complex conjugate. The MMF is then given by
Ψ(k) = σ2MMFP−1(k)F(k), (15)
with the variance of the filtered map:
σ2MMF =
[∫
d2k FT(k)P−1(k)F(k)
]−1
. (16)
The MMF derived here was employed with great success for
the detection and photometry of galaxy clusters by the ACT,
SPT, and Planck collaborations (Hasselfield 2013; Bleem et
al. 2015; Planck Collaboration 2016a).
We now show that a CMMF can be constructed in sim-
ilar fashion as before. The aim is to find a filter that allows
us to constrain multiple well-known multifrequency source
templates to reduce the impact of well-characterized con-
taminants on the filtered map. We begin by assuming that
the observed sky is a linear mixture of known sources plus
noise:
I (x) = fν,1 · A1 y1(x) + · · · + fν,n · An yn(x) + N (x). (17)
Next, we define the desired response of the filter to our
known source templates:∫
d2k ΨT (k)F1(k) = 1∫
d2k ΨT (k)F2(k) = 0
...∫
d2k ΨT (k)Fn(k) = 0.
(18)
For each k the constraints can be written as a matrix U with
dimensions nν × n:
U(k) = ©­­«
F1[1](k) F2[1](k) . . . Fn[1](k)
...
...
. . .
...
F1[nν](k) F2[nν](k) . . . Fn[nν](k)
ª®®¬ . (19)
By minimizing the variance of the filtered map, we find that
the CMMF is
Ψ(k) = eTS−1P−1(k)U(k), (20)
with the n × n matrix S defined as:
S =
∫
d2k UT(k)P−1(k)U(k). (21)
The variance of the filtered map can be computed as:
σ2CMMF =
∫
d2kΨT(k)P(k)Ψ(k). (22)
The CMMF defined this way can be used to separate
sources in a similar fashion as the single frequency CMF, but
MNRAS 000, 1–13 (2019)
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Figure 1. Comparison of the traditional MF and the CMF presented in this work. The filters are computed using the all-sky formalism
given in appendix A on the simulated 150 GHz sky presented in Section 3 assuming a β-model (Cavaliere & Fusco-Femiano 1976) with
core radius θc = 2 arcmin and β = 1 convolved with a Gaussian beam with an FWHM of 5 arcmin as the source template. A point source
template has been used as an additional constraint for the CMF. Left-hand panel: Filter window functions in spherical harmonic space.
Right-hand panel: Filter kernel profiles in real space.
for multifrequency data sets. This will require both a spa-
tial and a spectral template for each constrained source, e.g.
if we want to extract galaxy clusters from multifrequency
microwave data while minimizing point source contamina-
tion we need to know the beam as well as the spectral en-
ergy distribution (SED) of the point sources. This makes
the method very efficient in cleaning the data, but it will be
limited to a specific type of source. Reducing the contamina-
tion of radio and far-infrared point sources at the same time
can be achived by placing two additional constraints using
the same spatial template (i.e. the beam) but two differ-
ent SEDs. We will compare the performance of the different
filters presented here by applying them to Planck High Fre-
quency Instrument (HFI) data of the Perseus galaxy cluster
in Section 4.
3 SIMULATIONS
3.1 The SZ effect of galaxy clusters
In order to test the performance of the CMF and compare it
to the traditional MF we prepared a pipeline for the creation
of mock images of the microwave sky. We use the tSZ effect
signal (Sunyaev & Zeldovich 1970, 1972; Birkinshaw 1999;
Carlstrom, Holder & Reese 2002) of galaxy clusters as our
sources of interest.
The tSZ effect is a secondary anisotropy of the CMB
that is caused by inverse Compton scattering of CMB pho-
tons by free electrons in the intracluster medium (ICM).
The tSZ effect causes a characteristic distortion of the CMB
spectrum with a temperature decrement at low (. 217 GHz)
and a temperature increment at high (& 217 GHz) frequen-
cies. Peculiar motion of clusters will cause a red/blue-shift
of the CMB in their rest frame, which gives rise to the kSZ
effect. The spectra of the SZ signals are commonly expressed
as a temperature shift relative to the CMB monopole, which
can be written as
∆TSZ
TCMB
= f (x,Te) y︸     ︷︷     ︸
tSZ
− τe
( 3pec
c
)
︸     ︷︷     ︸
kSZ
, (23)
where TCMB is the CMB temperature, c is the speed
of light, 3pec is the peculiar velocity along the line of
sight, f (x,Te) is the relativistic tSZ (rSZ) spectrum (e.g.,
Wright 1979; Itoh, Kohyama & Nozawa 1998; Chluba et
al. 2012), x ≡ hν/(kBTCMB) is the dimensionless frequency,
τe(r) = σT
∫
ne(r) dl is the optical depth of the plasma and y
is the Comptonization parameter:
y(r) = σT
mec2
∫
l.o.s.
dl ne(r)kBTe(r)︸         ︷︷         ︸
Pe(r)
. (24)
Here, kB is the Boltzmann constant, σT is the Thomson
cross-section, me is the electron rest mass and ne and Te
are the number density and temperature of the electrons in
the ICM.
The Comptonization parameter is a measure of the
gas pressure integrated along the line of sight (l.o.s.) and
is computed by projection of the Generalized Navarro–
Frenk–White (GNFW) pressure profile (Nagai, Kravtsov &
Vikhlinin 2007) using the parametrization presented by Ar-
naud et al. (2010)
Pe(r)
keV cm−3
= 1.65 × 10−3E(z)8/3
(
M500
3 × 1014 M
)0.79
p
(
r
r500
)
,
(25)
where p(r/r500) is the so-called ‘universal’ shape of the clus-
ter pressure profile
p(r) = P0(
c500
r
r500
)γ [
1 +
(
c500
r
r500
)α] (β−γ)/α , (26)
MNRAS 000, 1–13 (2019)
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for which we adopt the best-fit values for the profile param-
eters P0, c500, γ, α, and β presented by Arnaud et al. (2010).
In the following we refer to this profile as the GNFW pro-
file. The characteristic cluster size r500 marks the radius of
the sphere within which the average matter density is 500
times the critical density, while M500 is the total mass en-
closed within r500. The temperature profile of the clusters is
computed assuming a polytropic relation neTe = nδe between
electron density and temperature, with δ = 1.2 (Ostriker,
Bode & Babul 2005).
3.2 Simulating the microwave sky
The simulated clusters are added to an artificial CMB map
computed from a synthetic power spectrum that was gen-
erated using CAMB (Lewis, Challinor & Lasenby 2000). We
account for emission from the cosmic infrared background
(CIB) by adding maps of the resolved and the clustered CIB
provided by the WebSky Extragalactic CMB Mocks team1
to our simulation pipeline. We use the PYTHON sky model
(PSM; Thorne et al. 2017) to obtain maps of Galactic syn-
chrotron, free–free, spinning dust, and thermal dust com-
ponents. The PSM uses the most recent foreground maps
published by the Planck Collaboration (2016b) for the lat-
ter three components and adds small-scale fluctuations to
all maps following an approach similar to the one presented
by Miville-Descheˆnes et al. (2007).
Compact radio sources are modelled by including all
sources from the NVSS point source catalogue (Condon et
al. 1998). The measured fluxes densities at 1.4 GHz are ex-
trapolated to microwave frequencies assuming a power-law
SED, I(ν) ∝ ν−α with a spectral index α randomly drawn
for each source from a Gaussian distribution with a mean
of 0.5 and a standard deviation of 0.1. Galactic and extra-
galactic near-infrared point sources are included by adding
the sources listed in the IRAS point source catalogue (Be-
ichman et al. 1988) by following the approach presented by
Delabrouille et al. (2013) to extrapolate the reported flux
densities to lower frequencies.
We restrict our analysis to the extragalactic sky that
is relevant for studies of galaxy clusters and cosmological
studies by applying a 40 per cent Galactic dust mask to our
mock maps. We furthermore exclude the region of the sky
that has not been observed by the NVSS in order to keep
the properties of our sky model homogeneous.
All maps are processed at HEALPIX nside = 8192,
which allows to generate mock data with a minimum full
width at half-maximum (FWHM) of 1 arcmin. Maps that
come at a lower native resolution are oversampled and
smoothed with a narrow Gaussian beam to avoid pixeliza-
tion artefacts. The microwave sky is simulated at 150 GHz
and 350 GHz with different spatial resolutions ranging from
1 arcmin to 20 arcmin, assuming circular Gaussian beams and
white instrumental noise with σnoise150 GHz = 6.4 µKCMB-arcmin
and σnoise350 GHz = 25 µKCMB-arcmin. The wide range of simu-
lated spatial resolutions allows us to test our filtering tech-
niques for instruments ranging from Planck to current and
future ground-based experiments. The resulting maps are
shown in Fig. 2.
1 The mocks are provided at https://mocks.cita.utoronto.ca
3.3 Simulating X-ray data
In addition to tests using the simulated microwave data that
were previously introduced, we apply the single-frequency
filters presented in Section 2 to simulated X-ray data.
We chose to create mock images of the upcoming ex-
tended ROentgen Survey with an Imaging Telescope Array
(eROSITA, Merloni et al. 2012; Predehl 2017), which will
explore the high-redshift Universe with unprecedented sensi-
tivity combined with all-sky coverage. This makes eROSITA
an ideal case to explore our new filtering techniques, since
active galactic nuclei (AGNs) activity is expected to increase
with redshift and might dominate the X-ray observed flux
around cluster positions (e.g. Biffi, Dolag & Merloni 2018;
Koulouridis et al. 2018).
Following Clerc et al. (2018), the images are simulated
in the 0.5 – 2 keV energy band. Each image has a size of
3.6◦ × 3.6◦, with a pixel size of 4 arcsec and a simulated ex-
posure time of 1.6 ks. We include the X-ray and instrumen-
tal background model presented in Table 1 of Borm et al.
(2014). A randomly distributed population of point sources,
which is described by the Moretti et al. (2013) log N – log S
relation, is added. For simplicity, the images only contain a
single type of isothermal cluster, simulated using a projected
β–model (Cavaliere & Fusco-Femiano 1976)
SX(θ) ∝
∫
l.o.s
dl ne(r)2 ∝
[
1 +
(
θ
θc
)] 1
2−3β
, (27)
with a fixed flux of 5 × 10−13 erg s−1 cm−2, core radius θc
of 20 arcsec, and β of 2/3. All sources are convolved with
a Gaussian PSF with an FWHM of 28 arcsec, which is
the expected value in survey mode for eROSITA (Mer-
loni et al. 2012). We derived the count rates of the
sources from the physical fluxes for a given spectral
emission model and using the instrumental response file
erosita_iv_7telfov_ff.rsp2. In this work, we assume an
APEC thermal plasma model (Smith et al. 2001) having a
metal abundance of 0.3 Z along with a Galactic hydrogen
column density corresponding to 1.7 × 1020 cm−2 (Kalberla
et al. 2005; Borm et al. 2014). The simulated X-ray images
will be used in Section 4.3 to demonstrate how CMFs can
aid the separation of galaxy clusters and point sources in
X-ray surveys.
4 RESULTS
4.1 Photometry of clusters with a central point
source
Using the simulation pipeline introduced in the previous sec-
tion, we first investigate how the new filtering technique pre-
sented in this work can improve the photometry of clusters
that harbour a bright central point source. We do so by
creating 150 GHz mock observations of clusters with masses
ranging from 1014 M to 1015 M at a constant redshift of
0.2. Each simulated cluster features a central radio source
with a fixed flux density of 10 mJy at 150 GHz. The beam is
assumed to have an FWHM of 1 arcmin. The values of the
2 The eROSITA response file is available at
http://www2011.mpe.mpg.de/erosita/response/
MNRAS 000, 1–13 (2019)
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Figure 2. Orthographic view of the simulated microwave sky at 150 and 350 GHz that was used to test the different filtering techniques.
The projection is centred on the Galactic north and south pole. The maps are shown in histogram equalized scale to enhance the dynamic
range. The composition of the maps is described in Section 3. We remove the brightest parts of the Galactic disc by applying a 40 per
cent Galactic mask and exclude the part of the sky that has not been observed by the NVSS.
central Comptonization parameter computed from the mea-
sured cluster flux after filtering are shown in the left-hand
panel of Fig. 3. By construction, a CMF always returns an
unbiased result, while the values obtained through MF are
biased low with a linear dependence on the brightness of
the point source. For the given flux density this bias has a
significance of ∼ 4σ and increases to ∼ 5σ for lower cluster
masses due to the decreasing cluster size. The biased fluxes
can therefore lead to a non-detection of low-mass clusters
and biased inferred cluster properties for high-mass systems.
We also consider a potential offset of a bright central
point source relative to the cluster centre. If a central point
source is not aligned with the cluster, both methods will
find a bias due to ringing artefacts around the filtered point
source. We find that for small angular separations up to ∼
0.75 FWHM CMFs return a value with a bias that is smaller
than the one observed in the values returned by MFs, while
both methods find similar values for larger offsets.
The comparison above highlights a clear advantage of
the CMF, which however is bought with an increase in the
noise level in the filtered map that limits the usefulness of the
method in some cases. This noise increase results from plac-
MNRAS 000, 1–13 (2019)
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Figure 3. Left-hand panel: Impact of (radio) point source contamination on the measured Comptonization parameter. We simulate
the tSZ decrement at 150 GHz for a range of clusters with different masses at a constant redshift of z = 0.2 using the GNFW profile and
add a central point source with a fixed flux density of 10 mJy to each of them. The blue data points show the estimates of the central
Componization parameter y0 obtained using MFs, while the data shown in red were obtained using CMFs. The solid black line indicates
the expected relation. CMFs allows an unbiased measurement of a cluster’s flux in the presence of a central point source, while MFs
will return a biased value. Right-hand panel: Impact of an offset in the point source location on the previous results. The x-axis gives
the positional offset relative to the cluster centre. For this test we assume the same resolution, frequency, point source flux, and source
redshift, but only consider a single cluster of mass M500 = 1015 M. The shaded regions indicate the uncertainty of the flux estimates. We
find that CMFs perform better than MFs up to an offset of ∼ 0.75 FWHM. For higher values, both methods provide a similar bias.
1 10 100
500 (arcmin)
1
10
CM
F/
M
F
FWHM = 1'
FWHM = 2'
FWHM = 5'
FWHM = 10'
FWHM = 20'
Figure 4. Ratio of the noise level in the CMF and MF filtered
maps defined in equation (2) as a function of cluster size. The
different colors correspond to different beam FWHMs. The solid
lines correspond to results obtained from the 150 GHz mock data
while the results shown with dashed lines where obtained using
the 350 GHz mock data.
ing additional constraints that inevitably lower the degrees
of freedom available for the optimization of the variance of
the filtered map. Figure 4 shows the ratio of the noise in
the filtered maps as a function of apparent cluster size and
instrument beam. This ratio scales linearly with the cluster-
size-to-beam ratio if the map noise is Gaussian. The differ-
ences between the results obtained at 150 GHz and 350 GHz
are due to the different foreground properties. We find that
the CMF provides maps with a marginally increased noise
level for most modern ground-based mm telescopes that of-
fer a typical resolution of ∼ 1 arcmin. The use case for low-
resolution instruments like Planck is however restricted to
large, mostly nearby clusters with radii of several tens of
arcminutes.
4.2 Application to Planck data
In addition to tests on simulated microwave images we apply
all filters presented in Section 2 to Planck HFI data of the
Perseus galaxy cluster at z = 0.0179. The brightest cluster
galaxy (BCG) of the Perseus cluster (NGC 1275) is a pow-
erful radio source known as Perseus A that is unresolved in
all Planck bands. While the MMF and CMMF are applied
directly to the HFI data without any pre-processing other
than converting the 545 and 857 GHz maps to units of KCMB,
the HFI maps are combined into a single map before apply-
ing the single-frequency filers. This is achieved by smoothing
the maps to a common resolution of 9.68 arcmin after which
they are combined into a y-map with ILC or constrained
ILC (CILC) algorithms (Remazeilles, Delabrouille & Car-
doso 2011a; see Appendix C of Erler et al. 2018 for details).
The radio galaxy Perseus A appears as a bright source with
negative amplitude in the ILC y-map due to its diminishing
brightness with increasing frequency, which is also seen in
the MILCA and NILC y-maps published by the Planck Col-
laboration (2016c). In contrast, the CILC algorithm allows
to constrain the Perseus A SED and thus remove its contam-
ination to the y-map. The Perseus A SED used for the CILC
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ν FWHM Sν
(GHz) (arcmin) (Jy)
100 9.68 10.36 ± 0.15
143 7.30 7.80 ± 0.13
217 5.02 5.74 ± 0.25
353 4.94 4.12 ± 0.87
545 4.83 2.82 ± 2.81
857 4.64 2.12 ± 7.90
Table 1. SED of Perseus A extracted from Planck HFI data
using CMFs that remove the tSZ signal of the cluster. It is well
approximated by a power-law with a spectral index of 0.78± 0.05.
In turn this SED is used to clean tSZ maps of the Perseus cluster
in various ILC and MMF approaches.
and CMMF algorithms is extracted directly from the Planck
HFI data using CMFs that remove the tSZ contamination
by the ICM of the cluster and found to be well approxi-
mated by a power-law with spectral index α = 0.78 ± 0.05
(see Table 1). We model the tSZ signal of the Perseus cluster
with a GNFW pressure profile with θ500 = 59.7 arcmin (Ur-
ban et al. 2014) and use a non-relativistic approximation of
the tSZ spectrum. All maps are 10◦ × 10◦ fields centred on
(RA, Dec.) = (03h19m47.2s, +41◦30′47′′).
We summarize our results by providing the extracted
values for the central Comptonization parameter y0 and the
derived integrated value Y500 in Table 2. The latter is inte-
grated in a cylindrical aperture with the radius θ500
Ycyl500 = y0
2pi
(106 pc)2
∫ DAθ500
0
dr y(r) r, (28)
where y(r) is the cluster template that has been normalized
to unit amplitude and DA is the angular diameter distance
of the cluster. The processed maps are shown in Fig. 5.
If neither a spatial nor a spectral constraint for Perseus
A is used, as in the MMF and ILC + MF scenarios, we ex-
tract a strongly biased negative value for y0 and thus Y500.
This provides a plausible explanation for the necessity of
point source masks that are the reason why the Perseus
cluster is not listed in the Planck SZ cluster catalogues (PSZ
and PSZ2, Planck Collaboration 2014a, 2016a), which were
built using two MMF pipelines (MMF1 and MMF3) and the
Bayesian PowellSnakes (PwS) algorithm.
The bias introduced by Perseus A is removed by apply-
ing a CMF to the same y-map, which yields y0 = (9.4±0.7)×
10−5. For the application of a CMF to an ILC y-map it is
critical to smooth all maps to a common resolution before
combining them. Combining the maps in Fourier space at
their native resolution will distort the beam in the y-map,
which increases the complexity of constraining the spatial
template of the beam for point source removal.
Using the Perseus A SED to construct a CILC y-map
before filtering is an alternative way to remove the bias in-
troduced by the radio source. In that case, both the MF
and the CMF yield similar values for y0, both of which are
consistent with the previous result. Placing a spectral con-
straint in the CILC step however results in a noisier y-map
and thus a slightly lower SNR in both cases.
Finally, applying a CMMF that uses both the SED of
Perseus A and our knowledge of the Planck beams yields
y0 = (10.0± 0.42) × 10−5, which is in agreement with the pre-
Technique y0 Y500 SNR
10−5 10−5 Mpc2
ILC + MF -0.74 ± 0.66 -0.50 ± 0.44 -1.1
ILC + CMF 9.35 ± 0.70 6.31 ± 0.47 13.4
CILC + MF 9.44 ± 0.77 6.37 ± 0.52 12.3
CILC + CMF 9.77 ± 0.82 6.59 ± 0.55 12.0
MMF -2.64 ± 0.39 -1.77 ± 0.27 -6.8
CMMF 10.0 ± 0.42 6.76 ± 0.28 24.0
Table 2. Comparison of the extracted tSZ signal of the Perseus
galaxy cluster extracted from Planck HFI data with various ILC
and MMF techniques. The corresponding maps are shown in
Fig. 5. The ILC-based techniques first combine the six HFI maps
in an optimal linear combination, after which we apply either a
MF or a CMF. The MMF techniques are directly applied to the
HFI maps. The CILC and CMMF techniques use the Perseus A
SED given in Table 1. Radio sources like Perseus A will appear as
sources with negative y in ILC y-maps and MMF maps, leading
to biased photometry if not accounted for.
vious values and with an SNR of 24 offers the clearest signal
of all methods compared here. This SNR is comparable to
the SNR of 22 we obtain by applying an MMF to Planck
HFI maps of the Coma cluster, a system of similar mass at
z= 0.0231. Using the M500 − Y500 scaling relation from the
Planck Collaboration (2014b, 2016d) and converting to Y sph500
we find a mass of (6.97±0.24)×1014 M for the Perseus clus-
ter, which is consistent with the value obtained by Urban et
al. (2014)3.
For Coma, all six methods yield similar values for y0 due
to the lack of a bright central radio or FIR source. We find
however that the two multifilters deliver an almost identical
SNR as the ILC plus MF techniques, while the CILC ap-
proach gives a slightly lower SNR of 17. This indicates that
the additional constraints are ‘cheaper’ for multifilters but
come at the drawback that multiple constraints have to be
placed for sources with identical spatial template but differ-
ent SEDs. Combining an ILC map and CMFs will remove
sources just based on their spatial signature with no need to
have constraints on their SED.
This example illustrates that there are multiple ways
of dealing with point source contamination in clusters. The
advantage of the CMF over using spectral constraints is that
it is often easier to characterize the instrument beam than
measuring the SED of a source. Radio sources like Perseus
A can show variability and extrapolating their fluxes to mi-
crowave frequencies based on radio measurements often re-
lies on the assumption of a perfect power-law SED, which
can be prone to mistakes since many sources are known to
have SEDs that deviate from a power-law (Herbig & Read-
head 1992). Furthermore, using spectral information will re-
quire individual measurements for each source, while a spa-
tial technique can be applied blindly to a large number of
objects.
3 The error on the mass includes the uncertainties of the scaling
relation parameters given by Planck Collaboration (2016d), which
we assume to be uncorrelated.
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Figure 5. Filtered maps of the Perseus galaxy cluster processed with the filtering techniques presented in Section 2. The BCG of Perseus
hosts a bright radio source called Perseus A that is known to contaminate tSZ observations of the cluster, leading to biased fluxes. We
applied all algorithms to 10◦ × 10◦ Planck HFI maps centred on (RA, Dec.) = (03h19m47.2s, +41◦30′47′′). The maps above show the inner
4◦ × 4◦ of the field. In order to apply the single-frequency filters, the six HFI maps were combined into a y-map using ILC and CILC
algorithms, the latter of which allows to remove the contamination caused by Perseus A by constraining its SED. Our comparison shows
that there are various ways of removing point sources from clusters using either spectral or spatial constraints or a combination of both,
all of which find consistent values for the central Comptonization parameter y0 and thus Y500. The best SNR is delivered by the CMMF,
which yields a value of 24. This is comparable to the SNR of clusters with similar mass and redshift to Perseus that do not suffer from
point source contamination, like the Coma cluster.
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4.3 Blind cluster detection and X-ray application
We also investigate the potential application of the CMF to
reduce point source contamination for blind cluster detec-
tion. In tSZ surveys below 217 GHz point sources will not be
misclassified as galaxy clusters due to the tSZ effect’s charac-
teristic decrement. They can however lower the decrement or
even overpower it, which can lead to a biased flux or a non-
detection as has been illustrated previously in Section 4.1.
At higher frequencies, in the tSZ increment, point sources
can bias the flux and might be misclassified as clusters. For
instruments like Planck the situation has been mitigated by
multifrequency coverage (e.g. Bartlett & Melin 2006), but
prominent examples like the Perseus cluster remain.
Point source contamination is an even greater issue in
X-ray surveys due to the stochastic nature of the observed
signal. The upcoming eROSITA survey is expected to detect
about 100 000 galaxy clusters (Pillepich, Porciani & Reiprich
2012; Clerc et al. 2018) as well as millions of AGNs. Sepa-
rating both source populations presents a major challenge
for cluster detection algorithms. The CMF introduced here
presents an additional tool for this task that has the bene-
fit of using reasonable assumptions, like well-known cluster
profiles and the PSF of the instrument, to deliver an optimal
result. In the remaining part of this section we will provide a
brief outline how the traditional and CMFs can be combined
to detect clusters in X-ray surveys and reduce the number
of misclassified point sources.
We perform our tests on the eROSITA mock data that
was introduced in Section 3.3. Each field is filtered with
both an MF and a CMF. We then apply a simple source
finder4 to the former map to identify bright sources above
a fixed threshold, e.g. 5σCMF as defined by equation (2),
and determine their centroids. This typically leaves us with
around 200 source candidates, the majority of which are
point sources. We then determine the values of the map
processed with the CMF at the position of the previously
measured centroids and only classify objects for which both
values lie above the former threshold as cluster candidates.
This procedure is illustrated for a single field in Figs. 6 and 7
.
We find that using both filters in conjunction will
strongly reduce the number of misclassified point sources.
As demonstrated clearly in Fig. 7, the CMF yields a better
segregation of point sources in terms of their SNR but also
raises the scatter of the filtered cluster photon counts due
to the increased map noise.
5 DISCUSSION
The new CMF and CMMF techniques presented in this work
are straightforward extensions of the MF concept that en-
able optimal extraction of sources with known templates
while at the same time allowing for an optimal reduction
of known contaminating sources. The results presented in
Section 4 focused on the reduction of point source contami-
nation to SZ and X-ray observations of galaxy clusters, but
it is important to stress that the methods presented here
4 We use the find_peaks() function of the python PHOTUTILS
package.
are applicable to any contaminating source that can be ap-
proximated through a known template. It is also possible
to place more than one constraint, yet care has to be taken
since every additional constraint will result in a noisier map.
As with any MF, the values found in the filtered map will be
biased if the source template does not match the true shape
of a resolved source. We note however that the CMFs can
provide a slightly larger bias than the traditional MF if the
desired source is more compact than its template and other
compact sources are supposed to be removed.
A technique similar to the CMMF presented in this
work was explored by Herranz et al. (2005), who derived an
unbiased MMF to minimize the contamination of the tSZ
to kSZ maps and vice versa. These authors derived a two-
component version of the filter presented here and then use
the same spatial but different spectral templates for the two
different SZ components to separate them. However, a po-
tential drawback of this method is that the spatial templates
of the tSZ and kSZ signals should in general be different, es-
pecially for merging systems.
An important detail of the new methods is their de-
pendence on the spatial resolution of the instrument, which
has a crucial impact on the noise level of the filtered map.
Compact clusters will thus remain spatially indistinguish-
able from point sources if the instrument beam is large.
This also restricts the application of the constrained filters
on Planck data to nearby clusters with large apparent radii.
The situation improves when the instrument beam has an
FWHM of ∼ 1 arcmin or less, at which point the noise will
only increase by a few percent compared to a matched fil-
tered map for most cluster sizes. Such resolution is quite
common for ground-based cluster surveys like the ones per-
formed by the SPT and ACT. However, additional filtering
will be applied for ground-based instruments to reduce at-
mospheric contamination. The impact of these filtering steps
on the astrophysical signal has to be understood and char-
acterized before MFs are applied (e.g. Bleem et al. 2015).
The new filtering techniques are especially interest-
ing for studies of the kSZ and relativistic tSZ at sub-mm
wavelengths with upcoming instruments like CCAT-prime5.
CCAT-prime will be a 6 m diameter submillimetre survey
telescope that is going to operate at 5600 m altitude on the
summit of the Cerro Chajnantor in the Chilean Atacama
Desert (Parshley et al. 2018a,b). The high and dry site of-
fers superb conditions for observations at frequencies rang-
ing from 270 GHz to 860 GHz (Vavagiakis et al. 2018) at up
to one order of magnitude better sensitivity than Planck
(Erler et al. 2018; Mittal, de Bernardis & Niemack 2018).
Combined with mm-data of the advanced ACT-pol survey,
CCAT-prime will offer full coverage of the SZ spectrum and
allow significant improvements over Planck in measuring
cluster parameters (Erler et al. 2018; Stacey et al. 2018). In
order to constrain key properties of clusters via the SZ ef-
fects, accurate mm and sub-mm photometry will be required
and MF techniques including the ones introduced here are
an excellent tool for this (Soergel et al. 2016; Erler et al.
2018).
One of the most important applications of the CMF
will be next-generation wide-area X-ray surveys, such as
5 http://www.ccatobservatory.org/
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Figure 6. Zoom-in on a simulated X-ray photon image (left) and the same image convolved with an MF (centre) and CMF (right). The
colour bar to the right has been cropped at eight counts to highlight faint structures in the filtered maps. The mock data features realistic
X-ray and instrumental backgrounds as well as a realistic point source population, but for simplicity only contains multiple realizations
of a single simulated cluster (highlighted with yellow circles). A detailed description of the data can be found in Section 3.3. The MF
yields an SNR amplification of the clusters but its response to point sources is similar to that of clusters, which makes the separation
of the two source populations challenging in some cases. In contrast, the CMF nullifies point sources and leaves behind ‘doughnuts’ at
their positions in the map. Since both filters have an identical response to clusters, combining their results allows for a quick and simple
separation of the two source populations, which is shown in Fig. 7.
0 50 100 150 200
Source index
10
10
30
50
Co
un
ts
 / 
5
CM
F
matched filter
constrained matched filter
5 CMF threshold
Figure 7. A simplified demonstration of the application of the
CMF to eROSITA mock data. Simulated clusters are shown as
stars while point sources are shown as crosses. Applying an MF
to a map with 1.6 ks exposure time will typically result in 200
sources with centroid values above 5σCMF. When measuring the
corresponding values in a map processed with a CMF, the vast
majority of previously detected point sources (blue crosses) will
drop below the threshold (red crosses), leaving us with a cleaner
sample of cluster candidates.
eROSITA, that aim to detect the diffuse emission of many
thousands of galaxy clusters out to high redshift in the pres-
ence of millions of AGNs. The need for new techniques for
better point source separation was recently highlighted by
Biffi, Dolag & Merloni (2018), who used X-ray mocks derived
from the hydrodynamical Magneticum Pathfinder Simula-
tion to investigate the contribution of AGNs inside clusters
to the X-ray luminosity of the ICM. The methods presented
in this work are especially tailored to this application, since
they only require a spatial template and provide an opti-
mal and unbiased result. An important benefit of the filters
presented here is their ability to separate clusters and point
sources even if they are aligned. On one hand, this can lead
to biased photometry of clusters with compact cool cores if
the template does not account for it, but on the other hand
such a bias can actually be useful to mitigate the so-called
cool-core selection bias in X-ray cluster surveys.
We note however that the CMF should not be consid-
ered as a replacement for well-proven and tested methods
but rather presents an additional tool that will work best
in conjunction with other methods such as the traditional
MF or e.g. the well-known sliding cell (Harnden et al. 1984)
and wavelet (Freeman et al. 2002) algorithms, since signif-
icant discrepancies between their extracted signals hint at
potential point source contamination.
The X-ray analysis presented here was deliberately cho-
sen to be qualitative and focuses on the conceptual appli-
cation of the new methods, since we do not account for the
Poissonian statistics that govern X-ray observations and do
not tune the detection threshold to maximize the number of
detected clusters while staying below a fixed rate of spurious
detections. In addition to a robust X-ray implementation of
the filters, future, more quantitative studies of the X-ray ap-
plication of the CMF should include a realistic energy and
line-of-sight dependent PSF and tests using archival X-ray
data.
Other recent attempts on improving the separation of
point sources and galaxy clusters in X-ray data sets include
the combination with optical data (Green et al. 2017) and
a new MMF technique introduced by Tarr´ıo et al. (2016);
Tarr´ıo, Melin & Arnaud (2018) who used ROSAT data as an
additional Planck channel to use the different point source
populations in the two data sets.
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6 CONCLUSIONS
This work introduced a new way to generalize MFs and
MMFs to separate desired and undesired sources based
on just their spatial (CMF) or their spatial and spectral
(CMMF) characteristics. Adding additional constraints will
reduce the SNR of the sources, but if both source and
contaminant are well approximated by given templates the
methods introduced here will allow for unbiased photometry
and reduced confusion. When applied to Gaussian data, MFs
are optimal in the least-square sense, making them ideal
tools for the extraction of the SZ signal of galaxy clusters
from microwave data. However, traditional MF techniques
can perform poorly if microwave data of galaxy clusters are
contaminated by point sources.
At microwave frequencies, there are two distinct popu-
lations of point-like sources that are spatially correlated with
galaxy clusters. The first consists of radio-bright AGNs that
are found at the centres of many BCGs, and the second be-
ing composed of dusty star-forming galaxies. Using realistic
microwave mock data we showed that the CMF introduced
in this work allows for unbiased photometry of clusters that
harbour a central point source. If applied at multiple fre-
quencies it enables studies of the SZ spectrum of clusters
with no need to account for the SED of the point source.
We showed that our method requires sufficient spatial reso-
lution to be competitive and otherwise will yield an unbiased
but noisy result. Applying constrained and unconstrained
MFs and MMFs to Planck HFI data of the Perseus cluster,
which features a bright central radio source, demonstrated
that there are multiple ways to remove a central source from
actual data, requiring only spatial or spectral constraints, or
the combination of both. In the latter case we showed that
Perseus can be detected with an SNR typical for a cluster
of its mass and redshift. However using only spatial con-
straints will reduce contamination by point sources regard-
less of their SED.
The application of the methods presented here is
especially interesting to the upcoming CCAT-prime and
eROSITA cluster surveys. While CCAT-prime will benefit
from unbiased photometry of clusters with central point
sources for detailed measurements of the rSZ and kSZ ef-
fects, point source confusion during cluster detection is a
major concern for X-ray surveys. We illustrated how the
CMF can provide an optimal way to distinguish between
clusters and point sources and showed that the new method
has the potential to be developed into a competitive cluster
finding algorithm.
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APPENDIX A: ALL-SKY FORMALISM
The MF formalism presented in Section 2 used the flat sky
approximation but can be adopted to the full sphere with
little effort. Implementing MFs on the full sphere can have
advantages in certain situations, because we can avoid using
an approximate projection to a flat-sky geometry. Scha¨fer et
al. (2006) provide an excellent overview on the details. This
section is intended to give a summary of the most important
points.
Assuming radial symmetry of the sources that we are
interested in (i.e. m = 0) and using the convolution theorem
on the sphere we can relate the spherical harmonic coeffi-
cients of the unfiltered map aunfilt
`m to the ones of the filtered
map afilt
`m by:
afilt`m =
√
4pi
2` + 1
Ψ`0 a
unfilt
`m ≡ F` aunfilt`m . (A1)
The new all-sky MF F will thus be
F = (τTC−1τ)−1τ˜C−1, (A2)
where C is the power spectrum of the all-sky map recast as
a diagonal matrix as was done in Section 2 and the elements
of τ and τ˜ are defined as:
τ` =
√
2` + 1
4pi
· τ˜`0 =
√
2` + 1
4pi
· y`0 · B` · w` . (A3)
Here, y`0 denotes the spherical harmonic transform of the
source template profile, while B` and w` are the beam and
pixel window functions. When computing the C` it is often
useful to mask the brightest regions of the Galaxy to reduce
contamination from bright ringing artefacts and ensure that
the data are Gaussian.
The CMF can be applied to the full sphere analogously.
Using equation (A1) the all-sky filter can be written as:
F = eT
(
TTC−1T
)−1
T˜C−1. (A4)
As defined in Section 2,T and T˜ are matrices build from the
n spatial constraints
T =
©­­«
τ1[1] τ2[1] . . . τn[1]
...
...
. . .
...
τ1[n`] τ2[n`] . . . τn[n`]
ª®®¬ , (A5)
T˜ =
©­­«
τ˜1[1] τ˜2[1] . . . τ˜n[1]
...
...
. . .
...
τ˜1[n`] τ˜2[n`] . . . τ˜n[n`]
ª®®¬ , (A6)
where the components τi and τ˜i are defined for each template
i as done in equation (A3).
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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